Abstract. We find the limit value of the price of a European call option in the binomial model if the strike price does not change but the number of steps in the model tends to infinity. We assume that the market is arbitrage free.
Introduction
The Cox-Ross-Rubinstein binomial model describing the dynamics of the stock price is sometimes used to analyze financial markets. This model involves a bond whose interest rate r is constant and only one risky asset whose dynamics for all t ≥ 0 is given by
S(t + 1) = S(t)(1 + b), with probability p, S(t)(1 + a)
, with probability q = 1 − p.
It is also assumed that 0 < 1 + a < 1 + r < 1 + b. Since the market is arbitrage free, a martingale measure (p * , q * ) exists and satisfies the equality
A financial derivative is called a European call option if it gives a right (not an obligation) to its owner to purchase one share of a stock from the seller for a strike price E. The owner of a call option may exercise it at an expiration date T fixed at the moment when he purchased the option. The value of an option at the expiration time T is (S(T ) − E) + . 
Main result
Proof. First we use the Cox-Ross-Rubinstein formula for the price of a European call option for a model with n steps [1]:
(1)
then the corresponding term on the right hand side of (1) is nonzero. 1. First we consider the case of ln(1 + a) > 0. Then inequality (2) holds for all k ≥ 0 if n is sufficiently large. Thus one can rewrite equality (1) as
The latter expression obviously tends to S(0) as n → ∞. It is easy to check that λ < 0 <p for this case.
2. Now we consider the case of ln(1 + a) = 0, that is, a = 0. In this case, the sum on the right hand side of (1) contains the terms whose indices k satisfy inequality (2) for sufficiently large n. The right hand side of inequality (2) is a constant that does not depend on n. Denote the minimal integer number that does not exceed this constant by k 0 . Then the sum in (1) runs over those indices k that are greater than or equal to k 0 . Consider the terms with k < k 0 . We show that every term with k < k 0 does not change the limit. Indeed,
where q < 1 + r. Thus the right hand side of the latter inequality approaches 0. We see that these k 0 terms do not influence the limit value of the sum as the number of steps tends to infinity, so the limit is the same as in the preceding case, namely S(0). It is also easy to check that λ = 0 <p in this case.
3. Finally we consider the case of ln(1 + a) < 0. Then
has the same order of growth as n. We rewrite the sum (1) as
Since
Thenp ≥ 0 andq ≥ 0. Moreoverp +q = 1 in view of the assumption that there is no arbitrage strategy. This implies that the prelimit expression on the right hand side of (6) is the probability that the number of successes ξ n in n Bernoulli trials is not less than k n if the probability of the success in a single Bernoulli trial isp and the probability of the failure isq. It is well known that the normalized random variable
weakly converges to a standard Gaussian random variable. We distinguish between the following three cases.
1) The case of λ <p. Then for any real number x, one can find an integer number n x such that
for all n > n x , that is,
Since P{η n ≥ x} → 1 − Φ(x) where Φ(x) denotes the standard Gaussian distribution function, we obtain 1 ≥ lim n→∞ P{ξ n ≥ k n } ≥ 1 − Φ(x) for all x ∈ R.
Therefore lim n→∞ P{ξ n ≥ k n } = 1 and relation (6) implies that the limit value of the price of a European call option equals the initial stock price.
2) The case of λ =p. Then
